In this paper we obtain an estimate, which is substantially best possible, for the number of distinct pairs of subsets fl, 8 of (1, . .. , n}, each consisting of k integers, so that the number of elements in Ö + 8 satisfies a prescribed upper bound.
Introduction.
Let 22 be a positive integer > 2, k a positive integer not exceeding 72, and C > 2 a real number not exceeding k. We define /{«; k; C) to be the number of distinct pairs (Ct, S) of subsets Ct, So of jl, ..., 22! where |fi| = |SB| = k and |fl + SB| < Ck. We define /t(«; k; C) to be the number of subsets U of {1,..., n\ where |u| = k and |u + u| < Ck.
Clearly we have /1(«; k; c) < f(n; k; C) always. By letting k -[C -2] of the integers in U to be the consecutive members of an arithmetic progression while allowing the remaining integers to be completely arbitrary, we see that if" 1 2 f^(n; k; C) » 72L j~ , where the implied constant is absolute. In this note we establish an upper bound for f(n; k; C) which is substantially best possible.
Theorem. We have
(1) fin; k; C) <k8kniC.
It may be mentioned that whilst the exponent 3C of 22 in (1) is certainly not the most favourable attainable by our method, it is not clear how our method should be modified to achieve the best possible exponent.
2. Some lemmas and definitions. Throughout this section and the next we shall regard the integer 22 as fixed, k < n, and k > C > 2.
Lemma 1. Suppose the integers x., . . . , x. and y., . . . , y . are given.
z + y (a = 1, . . . , j) are all distinct from the sums x, + y ¡ (l < h < i ; 1 < 1 I < i).
Proof. There are at most if distinct integers of the form xf, + y i ~ y" (l < h < i; 1 < / < j; 1 < q < /'). Thus, unless z coincides with one of these integers, z + y (l < a < /) are clearly distinct from the integers x, + y¡ (1 <h < i; 1 < / <;').
Before stating the next lemma we introduce a number of definitions and notations.
Let k be an integer > 2, and let k be defined by We further define S., S" 7,, J., by (ii) |Ct + S| < Ck;
(iii)max(|Ct1| + |a1|;|CÏ2| + |3i2|)=22z.
Lemma 2. We have (¿3 + 0 ) n(0 + S.) = 0.
This yields (11). We obtain (12) similarly.
The cases i = ;' = 1 and i = / = 2 of (13) also follow immediately from the definitions of So2, Ct2 and Soj, QL.
We shall now prove (13) for i = 2, / = 1 (the case z = 1, /' = 2 is similar).
And for this purpose we shall only show that (CL + So.) O §2 = 0> the proof of (J)2 + Ct.) Cl §2 = 0 being similar. Accordingly let a euwe proceed to show that (14) (a^ + iBj) n S2 = 0. (14) is complete. Proof. It follows from (11) and (12) 3. Proof of Theorem. For C < 2¡4 the Theorem is a consequence of Lemma 4. The proof will be by induction on C. Accordingly we assume C > 2%
and that (1) has been established for every k with C in place of C for all C < C -1/3. Furthermore, as the Theorem holds trivially for k < 3C/2 we shall assume that k > 3C/2 and (1) has been established for C and for all k' < [k/2] + 1 in place of k.
We recall the definition (following Lemma 1 in §2) of § (k; C). Since z/z < k + 1 so that f(n; k; C) < 2^+^ | §m|, it clearly suffices to show (19) Ig I <U + 2)-^8fez23C; Q<«<*+1. 
